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ABSTRACT

Market eﬃciency is a central topic in ﬁnance. The notion of statistical arbitrage is a suitable instrument to investigate market
eﬃciency without the need to specify an equilibrium model. We
introduce a new deﬁnition of statistical arbitrage (named Strong
Statistical Arbitrage, SSA in the following) modifying the original
deﬁnition in an apparently inﬁnitesimal way. We show that some
simple investment strategies, recognized as statistical arbitrages
by the standard deﬁnition, do not test positive for SSA. We discuss the relations between the proposed deﬁnition and common
deﬁnitions of arbitrage and prove that SSA is compatible with
deviations from market eﬃciency in a “short term frame.” The
idea is that if market anomalies are small, the markets do not
deviate signiﬁcantly from eﬃciency, while an SSA requires time
persistent anomalies on asset prices.
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Introduction
The notion of eﬃciency is central in ﬁnancial
economics. Asset prices are considered to be
eﬃcient
when
they
discount
relevant
1,2
information . The “eﬃciency property” deﬁned
on ﬁnancial asset prices is then associated to the
markets where the assets are traded. If prices
are eﬃcient we refer to eﬃcient markets.
In an eﬃcient market, no trading strategy can
outperform the risk-adjusted market return. This
argument is quite standard and can be found in
a large number of papers and textbooks3,4,5. On
the other hand, a branch of empirical literature
provides several results against market
eﬃciency5,6. Abnormal returns cyclically appear
on ﬁnancial markets (steep trends, bubbles,
crisis,…), giving the chance to implement high
proﬁtable trading strategies. The evidence in this
direction is strong. It is impossible to simply
ascribe these phenomena as shortcomings in
the underlying asset prices model.
Despite the empirical evidence of market
deviations from eﬃciency, investors directly
experience the diﬃculty of implementing
proﬁtable trading strategies with long run
positive proﬁts. The notion of statistical arbitrage
(SA) plays a central role in this framework. An
SA is a strategy allowing an extra-return and a
vanishing variance; negative returns are allowed,
but over a long time horizon they shall become
negligible. On one hand, the SA notion
represents an useful tool to investigate market
eﬃciency. On the other hand, the goal of many
investment strategies is to test positive for SA.
These facts seem to support the following idea:
market deviations from eﬃciency in a short term
period are frequent and possibly severe. It is
easy to support the evidence on past ﬁnancial
data. Obviously, it is impossible to predict future
market deviations from eﬃciency. Short time
deviations from equilibrium have been also
analyzed from the empirical point of view, among
others, by Balke and Fomby (1997)7.

There are diﬀerent deﬁnitions of SA. The notion
originates from econometrics works on
cointegration and pair trading, see for example
Gatev et al. (2006)8 and, for a more recent
review Avellaneda and Lee (2010) 12. Some
ways to formalize the SA are provided, for
example, by Bondarenko (2003)9, Hogan et al.
(2004)11, Jarrow et al. (2012)10. In this paper, we
deﬁne the strong statistical arbitrage (SSA), as a
correction of the deﬁnition of statistical arbitrage
by Hogan et al. (2004)11, Jarrow et al. (2012)10.
We show how the absence of SSA can be
compatible with a countable inﬁnite number of
standard arbitrage opportunities (short term
horizon), being still valid asymptotically.
The paper is organized as follows. In Section 2
we introduce the deﬁnition of SSA. In Section 3
we investigate the relations between SSA and
standard deﬁnitions of arbitrage and statistical
arbitrage. Section 4 proposes a model
describing a market and provides some
conditions under which standard arbitrage
opportunities are compatible with SSA. Section
5 concludes.
2 Strong Statistical Arbitrage
Deﬁne a strategy (current) value V (t) as the
cumulate of a proﬁt/loss process πt, as follows
The present value of the strategy

is computed using the discount factor

, with

where rkf is the risk free rate for the kth period and
δ is a spread applied to the risk free rate a . It
worth nothing to note that the three versions of
(2) just allow for diﬀerent conventions on interest
rate compounding. Remark that, if u(t) grows

a

Without loss of generality, δ is assumed to be constant, with some weak additional assumptions.
but it is possible to consider time varying and stochastic δ
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deﬁnitely faster than V (t), then limt→+∞ v(t) = 0.
Deﬁnition 1 (SSA) A strong statistical arbitrage is
a zero initial cost, self-ﬁnancing trading strategy
(x(t) : t ≥ 0) with cumulative discounted value v(t),
computed applying (1) and (2) with δ > 0, such
that:

A market without SSA opportunities can be
deﬁned as “Long Term Eﬃcient.” The
assumption δ > 0 avoids that the presence of
standard arbitrage opportunities in a short term
period implies the existence of an SSA strategy.
In other words, a market showing short term
deviations from eﬃciency can asymptotically
tend to “Long Term Eﬃciency.”
3 Relations Between Arbitrage Deﬁnitions

The SSA is a stronger version of the Statistical
Arbitrage (SA) as proposed by Hogan et al.
(2004)11, Jarrow et al. (2012)10. In particular, with
δ = 0 the above deﬁnition boils down to the one
of SA given by Hogan et al. (2004) 11. The
assumption of δ > 0 implies that a strategy is a
SSA only when its return is asymptotically larger
than the risk free return. On the other hand, the
choice of δ > 0 avoids some trivial strategies to
be detected as an SSA: for example, the
investment into the money account of the
proceeds a successful bet2 b(i.e. a take proﬁt) or
a standard arbitrage. To be more precise,
consider the occurring of an arbitrage
opportunity and a simple strategy which invests
at the risk free rate rf the proceeds of that
arbitrage and hold this position. It is easy to see
that this strategy does not verify condition 2 of
Deﬁnition 1. From a practical point of view, we
propose to interpret the δ parameter as the bidask spread on the risk free rate. This proposal
allows to link the notion of eﬃciency to the one
of liquidity of a market. The higher the bid-ask
spread (low liquidity) the more diﬃcult is to set
up an SSA. This is only a possibility, other
choices may be considered. However, we think
that the connection between the SSA
opportunities and a liquidity measure can add a
useful interpretation of the results shown in this
paper.
b

In this section we investigate the relations
between the proposed notion of SSA and the
ones of SA and standard arbitrage (A) c .
Moreover, we provide an example of a market
where a countable number of A opportunities
can be consistent with the absence of SSA.
The following relations hold for A, SA and SSA :
1.
For more details see Hogan et al. (2004) 11.

2.

By deﬁnition, if the conditions of Deﬁnition 1
hold for δ > 0, then they still hold for δ = 0.
The opposite is obviously not true.

3.
The investment into the money account of
the proceeds of a standard arbitrage does
not satisfy condition 2 of Deﬁnition 1. The
second relation can be proven using the
same argument by Hogan et al. (2004, p.
533)11.
4 A model
To show with more detail the meaning and the
implications of the deﬁnition of SSA and of Long
Term Eﬃciency, in this section we propose the
example of a theoretical market. Let us model a
market where standard arbitrage opportunities
appear with a given regularity. Let N(t) be a
counting process describing the arrival times of

In fact, this kind of strategies can be detected as SA, c As usual, we denote a standard arbitrage as (A) a singlebeing (ex-post) non distinguishable from an SA. Note that period strategy such that the initial value is null, the
a standard arbitrage is a special case of SA. Instead, (ex- expected final value is positive and the probability of
ante) a successful bet should not be classified as an SA.
negative final value is null.
JME: https://escipub.com/journal-of-modern-economy/
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the standard arbitrage opportunities. Therefore,
we assume that in this market a countable
inﬁnite number of standard arbitrages can take
place.

invest in the risk free asset and take proﬁt from
every standard arbitrage; hold a short position in
the risk free asset. By construction, this strategy
is self ﬁnancing: i.e. the initial value is null.

Let N(t) be a counting process such that limt→+∞
E[N (t)]
= l < ∞, {Mi} is a sequence of IID non
t
negative random variables, with ﬁnite ﬁrst
moment. In addition, N(t) and Mi are assumed to
be independent for all t and i.

In this settings, the value of the proposed
strategy at time t and its discounted value are
respectively

In our case, the process N(t) models the arrival
time of arbitrages whereas Mi de-scribes the size
in terms of (log) return in excess with respect to
the risk-free rate rf of the one-period arbitrage
occurring at ti and yielding a proﬁt at time ti + 1.
(intuitively, N(t) models a frequency and Mi a
magnitude). In other words, the considered
arbitrages can be described by risk free assets
that yield for one period (i.e. from ti to ti + 1) a
return larger than rf.

where
is the compound Poisson
process accounting for the additional profits
given by the standard arbitrages.
Proposition 1 If
strategy W deﬁnes an SSA.

, then the

Proof. According to Deﬁnition 1: property 1 is
satisﬁed by construction (W(0) = w(0) = 0);
property 3 directly follows from the nonnegativity of Mi.

We propose the following investment strategy W: Thanks to Jensen’s Inequality,

which is positive if E[Mi]l − δ ≥ 0, so that property
2 of Deﬁnition 1 is satisﬁed.
This result highlights that the existence of even
an inﬁnite number of standard arbitrage
opportunities is not suﬃcient to obtain an SSA.
An SSA requires a market where the anomalies
are both large (in terms of average size E[Mi])
and persistent (in terms of arrival intensity l), so

In this case, we obtain a necessary and suﬃcient
condition for W representing an SSA. Restricting
to a speciﬁc formalization for A(t) we obtain a
stronger result compared to proposition 1.
Proposition 2 The strategy W is an SSA if and

that the condition E[Mi]l − δ ≥ 0 is satisﬁed.
Let us consider a special case, where
A(t)=NP(t), with  > 0 and NP(t) is a Poisson
process with intensity parameter λ. In other
words, we consider a constant arbitrage singleperiod excess return a. The proposed strategy
has now the following values

only if [λ(e − 1) − δ] ≥ 0.
Proof. According to Deﬁnition 1: property 1 is
satisﬁed by construction (W(0) = w(0) = 0);
property 3 directly follows from  > 0. Take the
limit of the expected value of w(t)

JME: https://escipub.com/journal-of-modern-economy/

4

Mario Maggi and Pierpaolo Uberti, JME 2019,2:8

where the last equality follows from the property
of the Poisson process

parameter δ, it is possible to deduce that the less
the market is liquid, the more market anomalies
are consistent with the absence of SSA.
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